A direct solution of the time-dependent Schrödinger equation ͑TDSE͒ for a two-electron model atom in a strong electromagnetic field is used to extract probabilities for both single and double electron ionization. For three-photon ionization at a moderately strong intensity, the TDSE calculations find single ionization at 62%, single ionization with excitation at 10%, and double ionization at 3%. The sequential process of escape from an already once ionized atom is found to make a substantial contribution to the double-ionization probability. Multiphoton-ionization probabilities are also obtained from a solution of the time-dependent unrestricted Hartree-Fock ͑TDUHF͒ equations for the same model atom. Although in qualitative agreement with the TDSE results, the TDUHF results show significantly less single ionization with excitation and have a different angular distribution for double ionization.
I. INTRODUCTION
With the development of high-frequency synchrotron light sources, the process of double photoionization in atoms has received considerable attention ͓1͔. The doublephotoionization process is defined as the ejection of two electrons following absorption of a single photon. Various theoretical methods have been successful in predicting the strength of the double-photoionization process in atoms and delineating the mechanisms: ͑i͒ direct double ionization, ͑ii͒ inner-shell ionization followed by Auger emission, and ͑iii͒ photoexcitation followed by double Auger emission. For direct double ionization of helium ͓1͔, the peak of the doublephotoionization cross section occurs at 100-eV photon energy and is approximately 12 kb, about 2.5% of the singlephotoionization cross section at that energy. The agreement between theory ͓2-7͔ and experiment is reasonably good.
With the development of high-intensity lasers, the process of double multiphoton ionization in atoms has also attracted attention ͓8͔. The double-multiphoton-ionization process may be defined as the ejection of two electrons following absorption of multiple photons. For direct double multiphoton ionization of helium ͓8͔, the double-ionization rate for 1.59-eV photons at an intensity of 10 15 W/cm 2 is about 0.2% of the single-ionization rate at the same intensity. Various correlation ͓9,10͔ and rescattering ͓11͔ mechanisms have been put forward to explain the low-frequency, long-pulse, laser-atom experiments.
In this paper we examine high-frequency, short-pulse, laser-atom interactions leading to single and double ionization by a direct solution of the time-dependent Schrödinger equation ͑TDSE͒ for a two-electron model atom. The twoelectron model atom has been previously employed to study the multiphoton ionization of He ͓12,13͔, the multiphoton detachment of H Ϫ ͓14,15͔, the autoionization of He* ͓16,17͔, and the multiphoton ionization of H 2 ͓18,19͔. Here the model atom serves several useful purposes. First a TDSE solution of the model atom reflects many of the qualitative features found in full three-dimensional ͑3D͒ calculations for the multiphoton ionization of the helium atom ͓20͔, at significantly reduced computational expense. Besides providing physical insight into the double-ionization process, the model atom results can be used to examine convergence rates for lattice sizes, mesh intervals, and time steps. Second, various approximate methods can be easily formulated for the model atom. Their range of validity can then be tested by comparison to the direct solution's values for various dynamical observables. In this paper we examine how well time-dependent unrestricted Hartree-Fock ͑TDUHF͒ theory handles the double-ionization process. Third, the model atom can provide some guidance for experiment, although caution must be exercised. Because of Hilbert space restrictions, the single-ionization rates for the model atom are an order of magnitude larger than those found in full 3D calculations for the helium atom ͓12͔. However, the dependence of single and double ionization rates on the frequency and intensity of the electromagnetic field may be similar for model and real atoms. The time-dependent theory for the two-electron model atom is reviewed in Sec. II, single-and doublemultiphoton-ionization results are presented in Sec. III, and a brief summary is found in Sec. IV.
II. THEORY

A. The model atom
The Hamiltonian for a two-electron model atom ͓12,14͔ is given by ͑in atomic units͒
͑1͒
where x and y are the coordinate positions of each electron, a nucleus of charge Zϭ2 is located at xϭyϭ0, and c is an arbitrary constant used to soften the singularity of the potential. The potential energy of the atomic Hamiltonian, H 0 , is shown in Fig. 1 . The potential ridge is along a line in the xy plane at which xϭy; i.e., where the electron-electron repulsion term is largest. We first assume that the time evolution of the ground state of the model atom may be described by a symmetrized product wave function:
where total antisymmetrization of the wave function is obtained by multiplying the symmetric space function by an antisymmetric spin function. Then the variationally derived ͓13͔ time-dependent unrestricted Hartree-Fock equations for the nonorthogonal single-particle orbitals, u(x,t) and v(x,t), are given by
where
The one-and two-particle operators are given by
while the matrix elements of the f operator are c numbers, the matrix elements of the g operator are direct and exchange potential terms, and the overlap integral ϭ͗u͉v͘. The normalization term is given by
and the total energy is given by Eϭ
Lattice techniques are used to solve the time-dependent unrestricted Hartree-Fock equations on a one-dimensional grid. The reduced dimensionality of the numerical problem is somewhat mitigated by the sheer number of operators and c numbers that need to be updated per time step. The time evolution of the wave function may be approximated by an explicit Taylor series propagator ͓23͔.
D. Single-and double-ionization probabilities
The total wave function at time tϭT following the laser pulse is used to calculate various multiphoton absorption probabilities ͓15͔. The ground-state probability is given by
A complete set of field-free bound and continuum states for the atomic ion may be obtained by diagonalization of the one-electron Hamiltonian on the grid. The probability of finding one electron in the bound state m and the other electron in the bound state n is given by
The probability of finding one electron in the bound state n and the other electron in the continuum is given by
͑17͒
Thus the probability of single ionization is P 1k and the probability of ionization with excitation to the first excited state is P 2k . The double-ionization probability is given by
III. MULTIPHOTON-IONIZATION RESULTS
In previous work ͓13͔ we investigated the single multiphoton ionization of the model atom at an intensity of 1.0ϫ10 15 W/cm 2 and a photon energy of 10.0 eV, corresponding to three-photon ionization. The TDSE and TDUHF methods were found to be in good agreement for the depletion of the ground state, as calculated from Eq. ͑15͒. To calculate the single-ionization, single ionization with excitation, and double-ionization probabilities from Eqs. ͑17͒ and ͑18͒, the time dependence of the laser pulse was assumed to be given by
with Tϭ10 laser cycles. With a uniform grid spacing of 0.4, we choose lattice ranges of Ϯ30, Ϯ60, and Ϯ120 to test the convergence of the bound and continuum probabilities. The field-free bound eigenstates, n (x), obtained by diagonalization, numbers 12, 18, and 26 for the lattice ranges Ϯ30, Ϯ60, and Ϯ120. For the Ϯ120 lattice, the bound eigenstates are shown in Fig. 2 , while their corresponding eigenenergies are given in Table I . There are an additional 139, 283, and 575 field-free continuum eigenstates associated with the three choices for lattice size. As shown in Table II the convergence of the probabilities is quite rapid with respect to lattice range. For the smallest lattice range of Ϯ30, an examination of the probability density contour plots reveals a large amount of reflection from the lattice boundary. However, this reflection does not appear to have a major effect on the probabilities of interest for single-and double-multiphoton ionization.
We now turn to the comparison of the TDSE and TDUHF methods for the various bound and continuum probabilities. With a choice of cϭ0.55 the total energy of the ground state on the two-dimensional lattice is Ϫ2.908, while the unrestricted Hartree-Fock approximation yields Ϫ2.905. The experimental removal energy for both electrons in the real helium atom is Ϫ2.902. Following the projections at tϭT, the probabilities are presented in Table III for the largest lattice range of Ϯ120. Since P 11 uses an approximation to the ground state obtained by forming the product of two 1s ion orbitals, it differs somewhat from P gnd for both methods. By taking the difference between P 11 and ͚ n ( P 1n ϩ P n1 ) we find that the TDUHF method predicts about twice as much excitation to the excited states leading to the 1s ionization limit as the TDSE method: 14% versus 7%. Of course, the differences that exist between the unrestricted Hartree-Fock excited-state spectrum and the exact solution of Schrö-dinger's equation within the model atom are accentuated by the Stark-induced shifts into two or three photon resonance. Both methods are in fair agreement as to the magnitude of single ionization from the ground state ͑around 20%͒ and both methods agree that there is very little double multiphoton ionization at the originally chosen intensity and photon energy for a 10 cycle laser pulse.
It is interesting to see what happens to the model atom when the intensity is doubled to 2.0ϫ10 15 W/cm 2 . The bound and continuum probabilities are given in Table IV for the TDSE and TDUHF methods. At a photon energy of 10 eV both methods show only a small increase in the single ionization from the ground state ͑around 25%͒. Although the ground state shows a substantial depletion at this higher intensity, excitation to the excited states leading to the 1s ionization limit now dominates the probability flows at approximately 45%. The Stark-induced shifts of the atomic levels have changed the nonresonant three-photon ionization process into a resonant four-photon ionization process. Three- photon absorption is now resonant with the high Rydberg 1sns states. To confirm this plateau feature in the ionization rate versus intensity curve at 10 eV, we increased the photon energy to 11 eV. At the increased frequency both methods show a much larger probability associated with single ionization from the ground state ͑around 55%͒. Excitation to the 1sns excited states has dropped substantially ͑now around 10%-15%͒. A more careful examination of the TDSE results reveals a near-two-photon resonance with the 1s2s excited state. The zero-field 1s2s state, calculated by relaxation with projection on the lattice, is found at 22.3 eV above the ground state. During the 10-cycle laser pulse the model atom executes 1.5 Rabi oscillations between the 1s 2 ground and 1s2s excited states. The peak probability of the 1s2s state is found to be around 12%. Finally, both methods agree that the double multiphoton ionization at the doubled intensity is now at the 1% level.
The bound and continuum probabilities for the TDSE and TDUHF methods at an intensity of 3.0ϫ10 15 W/cm 2 and a photon energy of 11 eV are given in Table V . The TDSE method gives a 62% probability of single ionization from the ground state, while the TDUHF method gives a 76% probability for the same process. The TDSE method finds more ionization with excitation than the TDUHF method; 10% versus 2%. Both methods agree that the double multiphoton ionization at this strongest intensity is now at the 3% level. To check our numerical results we repeated the calculations with a lattice range of Ϯ240, while keeping the same spacing of 0.4. There are now 38 field-free bound eigenstates n (x) on the larger lattice with the lowest eigenenergies identical to those given in Table I . As shown in Table V there is very little change in the bound and continuum probabilities for either method. We also made further calculations with a lattice range of Ϯ120, while at the same time decreasing the grid spacing to 0.2. This again had little effect on the bound and continuum probabilities.
Final time wave function density plots for the TDSE and TDUHF methods are shown in Figs. 3 and 4 for an intensity of 3.0ϫ10 15 W/cm 2 and a photon energy of 11 eV. Both figures are dominated by probability flows along the Ϯx or Ϯy axes, representing single multiphoton ionization. The double ionization is found in the planes between the axes, at much lower strength. The double-ionization peaks in Fig. 3 for the TDSE method avoid the ridge (xϭy) of the potential. The double-ionization peaks in Fig. 4 for the TDUHF method do not show the ridge avoidance, yielding a density plot that shows more symmetry between the ridge (xϭy) and flat (xϭϪy) sectors. Thus, even though both methods find roughly the same total probability for double multiphoton ionization, the angular distributions in the xy plane are quite distinct.
To better categorize the type of double multiphoton ionization present, we carried out a one-dimensional TDSE calculation for the multiphoton ionization of the model atomic ion at an intensity of 3.0ϫ10 15 W/cm 2 and a photon energy of 11 eV. We used the same 10-cycle laser pulse and identical lattice ranges. At least five photons are needed to ionize the model atomic ion ͑ionization potential of 52.4740 eV͒.
The probability of finding the one electron in the bound state n is given by
while the probability of finding the one electron in the continuum is given by
The bound and continuum probabilities for multiphoton ionization of the ion are given in Table VI . The probability for ionization is at the 3% level. Thus, the double multiphoton ionization of the model atom has a substantial contribution from the sequential process of ionization of the atom followed by ionization of the resulting ion.
IV. SUMMARY
As promised in the Introduction, the examination of single and double multiphoton ionization of a two-electron model atom has led to several useful insights. For highfrequency, short-pulse, laser-atom interactions, the electron ionization processes are well described by rather modest lattice ranges. This bodes well for the development of full 3D calculations of the helium atom. The lattice range may become more of a factor, however, for lower frequencies, longer pulses, and especially when describing harmonic generation and above-threshold ionization. Electron ionization processes were found to be sensitive to the frequency and the intensity of the radiation field. Resonant processes may retard the general increase in ionization yield at the stronger intensities. The intensity at which we found an unmistakable double-ionization signal coincided with a nontrivial contribution from the sequential process of escape from an already once ionized atom. Finding an unmistakable nonsequential double-ionization signal at lower intensities may prove difficult for lattice methods.
The time-dependent unrestricted Hartree-Fock approximation was found to be in qualitative agreement with the more exact direct solution method for the various electron ionization processes. However, at the highest intensity the TDUHF method found five times less single ionization with excitation than the TDSE method. Also, the angular distributions of the double-ionization probability densities for the two methods were quite distinct. Due to the complexity of the TDUHF formulation and its less than satisfying agree- FIG. 4 . Contour plot ͑a͒ and projection ͑b͒ of the final time wave-function density ͉(x,y,tϭT)͉ 2 for the TDUHF method at an intensity of 3.0ϫ10 15 W/cm 2 and photon energy of 11 eV. Distance is in atomic units ͑1 a.u.ϭ5.29ϫ10 Ϫ9 cm͒. ment in the model atom comparisons, we are reluctant to recommend its application to a full 3D calculation of the helium atom.
In conclusion, we feel that a direct solution of the timedependent Schrödinger equation for high-frequency, shortpulse, laser atom interactions may be effectively employed to examine single-and double-electron-ionization processes in real atomic systems. The extension of such an approach to lower frequencies, longer pulses, and lower intensities still needs further work at the model atom level.
